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AN APPLICATION OF FOURIER ANALYSIS TO 
RIEMANN SUMS 

TRISTRAM DE PIRO 


Abstract. We develop a method for calculating Riemann sums 
using Fourier analysis. 


1. Poisson Summation Formula 
Definition 1.1. If f G LffiR), we define; 

(/) a ( 2 /) = Jf° 00 f{x)e- 2nix ydx 

C f)-(v) = f(-y ) 

(/) v (y) = f-oo f(x)e 2 ™ y dx 

and, if g G L * 1 ([0,1]) 7 m G Z, we define; 

(g) A (m) = /g g(x)e~ 2mxm dx 

Remarks 1.2. If f G 5(7?), we have that; 

/( x ) = /A>(/) A (^) e2,r “ 2/ ^’ ( x e 

and, if g G C' 00 ( [0,1]), (0/, t/ie series; 

Emezi^Me 2 ^ 

converges uniformly to g on [0,1]. 5ee [Jj,[2J and [3]. 

Also observe that (/) v = (/_) A and (/) A = (/_) v . 

Theorem 1.3. Let / G 5(7?.), and /et; 

1 By which we mean that <7|(o,i) £ C°°(0,1), and there exist {gk £ C[0,1] : k £ 
Z>o}, such that 3fc|( 0 ,i) = g (k) , and c/ fe (0) = fffc(l)- 

1 
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g(y) = Z m&z f(y + m ), (y e [o,i]) 

Then g E C°°([0,1]) mid the series 

converges uniformly to g on [0,1]. 
In particular; 

Zmezfi™) = Zrnez(f) A ( m ) 


Proof. Observe that, as f E S(TZ), for yo G [0,1], r G Z > 0 , n > 2; 


V I All I 

/—imez I dj/ 1 " ho+m| 


<E 

<E 


C r 


m&Z (l+|j/ 0 +m|") 

Cr,n 
meZ (l+|m| n ) 


— C r ,n + 2Cr >n Zm>l rnV- 

< CV,ra + 2CV jn (l + [ y _ n+1 ]i° 

— Cr,n(l + 2(1 + < 5CV jTI (*) 

where CV, n = sup we - lz (\w\ n ^\ w ) 

Suppose, inductively, that j£| yo = Zmezffiyo+m, for y 0 G [0,1], 
(j|), then, using (*), we have, for r > 1, that; 

d r+1 g I _ dTfrn\ ST' d r+1 frn 

dy r+1 I dx'Z*m£Z dy r ' /- ^m£Z dy r + 1 


where / m (x) = f(x + m), for m E Z. Moreover, for r > 0; 

<Tj?| _ d r fm I _ dTfrnl _ d r g I 

di/ r IO <Zim&Z dy r 1° Z/m£Z dy r I 1 dy r 1 1 

It follows that 51 G C'°°[0,1], Moreover, we have that, for n E Z; 


2 Given 2_£, we interpret ^ft|o 


lim h ^ 0 ,+ j;( 


“_£|. 
dy r I™ 


d r g I 

dy r I 
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(g) A (n) = Jq g(y)e~ 2niyn dx 
= fo(E me z f(v + m))e- 2 ™ yn dx 

= foiEmez fid + m )) e~ 27ri (y +m ) n dx 
= IZc f{y)e-^ iyndx = ( f) A {n ) 


Using Remark 11.21 the series; 

E* z /W^ 

converges uniformly to g on [0,1] as required. 

□ 


Lemma 1.4. If h G C 2 (1Z), and there exists C G 7 Z, with; 
sup xe Ti(\x\ 2 \h{ x )\, \x\ 2 \h'(x)\, \x\ 2 \h"(x)\) < C 

then the Inversion theorem holds for h. That is ( h) A G L l {IZ) and; 
hfx) = J n (h) A (y)e 2mxy dy (x G 7Z) 


Proof. The result follows from inspection of the proof in [2], see Remark 
0.4. 

□ 

Lemma 1.5. If h satisfies the conditions of Lemma \l.f\ and f = (h) v , 
then (/) A = h. 

Proof. As h satisfies the conditions of Lemma 11.41 so does h-, and, 
therefore, the inversion theorem holds for h_. Then; 


((MT = (((MT)- = (M 


therefore; 

(((/r_) A ) A ) — h. As f — h w — (/r_) A , we have that; 

(/) A = (h_) A ) A = h 


□ 
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Lemma 1.6. Let f be given by Lemma [775 1 Then, if there exists 
D G TZ, with; 

sup x& n(\x\ A \h(x)\, |x| 4 |/r'(x)|, \x\ 4 \h"(x)\) < D 

we have that f G C 2 (JZ), and, moreover, there exists a constant 
F G 1Z, such that; 

su Py M\y\V(y)\,\y\V , (y)\,\y\ 2 \rm<F. 


Proof. Letting E = ||/i|[- 1 ,i]||c[- 1 , 1 ], we have that, for y G 77, |x| > 1; 
\h(x)e 2nixy \ = \h(x)\ < ^ ^ 

\2nixh(x)e 2wixy \ = 2n\x\\h(x)\ < 

| — 4iT 2 x 2 h(x)e 2mxy \ = 4:TT 2 \x\ 2 \h(x)\ < 
and, for y G TZ , |x| < 1; 

\x\ 2 \h(x)e 2mxy \ < \h(x)\ < E 
\x\ 2 \27rixh(x)e 2mxy \ < 2n\h(x)\ < 2 ttE 
|x| 2 | — 47r 2 x 2 5.(x)e 27ru:2 '| < 47 t 2 |/i(x)| < 47r 2 I7 
Hence; 

sup x& n{\x\ 2 \h(x)e 2mxy \, \x\ 2 \27rixh(x)e 2mxy \, |x| 2 | — An 2 x 2 h(x)e 2mxy \} 
< An 2 max(D , E) 

and {h(x)e 2mxy ,2Trixh(x)e 2mxy ,—ATi 2 x 2 h(x)e 2mxy } C C(fJZ). It fol¬ 
lows that, for y 0 G TZ, we can differentiate under the integral sign, to 
obtain that {f(yo),f'(yo),f"(yo)} are all defined. By the DOT, using 
the fact that — An 2 x 2 h(x) G LffR), we obtain that f" G C(TZ), hence, 
/ G C 2 (TZ). Differentiating by parts, using the fact that; 

{h, h', h", xh, xh', xh”, x 2 h, x 2 h!, x 2 h"} C (L 1 (TZ) H C 0 (JZ)) 






AN APPLICATION OF FOURIER ANALYSIS TO RIEMANN SUMS 


5 


by the hypotheses of Lemma [1.41 and this Lemma, we have that; 
(/?/') v = —Any 2 (h) v = —Any 2 f 

( Anih' + 2nixh") w = ((27r ixh)") v = —Any 2 (2nixh) v = —Any 2 f 
(8n 2 h + 16n 2 xh' + An 2 x 2 h"Y = (( An 2 x 2 h)") v 


= —Any 2 (An 2 x 2 h) v = —Any 2 f", (*) 
We have, by (*), for \y\ > 1, that; 


\m\ < 


\(h'T(y)\ < ll^"lh 1 ( TC) < Y L + 2E " 


Any- 


2 — 47ry 2 — 


47ry 2 


\f'(y)\ < \( 47rih '+ 2nixh ") v (y) 1 


< 

< 


47ry 2 

11 (AnM+2mxh " ) 11 L i (tj) 
Any 2 

2 ll*' , |hl(K)+]| a: ^ ,, |h 1 (K) 
2 y 2 


^ 2{‘Y 2 -+2E')+D+2E" 

- w 


I | / \(8n 2 h+l&n 2 xh'+An 2 x 2 h") w (y)\ 

I J yU) I — iyp 

^ 11 (8n 2 h+16n 2 xh'+An 2 x 2 li") \\ L i 

— Any 2 

^ 27r||/i|| i i (K) +47r||a:h , || i i (7i) +7r||a: 2 /i"|| i i (K) 

— V 2 

^ 2n{2^+2E)+An(D+2E')+n(2D+2E") 

— y 2 

where E' = ||/i / |[-i,i]||c'[-i,i] and E" = ||h ,/ |[_i i i]|| C [-i,i] 

For \y\ < 1, we have that; 

\m\<\\h\\ L i m < 2 f+E 

\f'(y)\ < \{2nixh)\\ L i { Ti) < 2nD + 2 E 

\f"(y)\ < \\-An 2 x 2 h\\ LHn) <8n 2 D + 2E 

Hence, we can take F = max(8n 2 D + 2E , ^Y^-+AnE + 8nE' + 2nE") 
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□ 

Definition 1.7. Let f be given by satisfying the conditions of Lemmas 
\1.5\ and \l.b\ we let; 

g(y) = Em,z f(y + m )> (y e [°.!]) 

Lemma 1.8. Let g be given by Definition \l. r /[ then g G C 2 [ 0,1]. 

Proof. Using Lemma 11.61 arid Weierstrass’ M-test, we have that the se¬ 
ries; 

Emez f(v + m), Emez f\v + m )> Emez f"{v + m ) 

are uniformly convergent on [0,1]. It follows, that g G C 2 ( 0,1), and 
clearly; 

4(°) = Ysmez f( m ) = Emez f\ m + !) = 9-(l) 
hence, g G C 2 [0,1]. 

□ 

Lemma 1.9. Let f G L 1 (1Z), such that; 

M = Em,z f(y + m ) 

is defined, fory G [0,1]. Then, if g G C 2 [0,1], we have that the series 
EmezUn^y^ converges uniformly to g on [0,1]. In particular; 

Emezfim) = EmczifE M 

Proof. Following through the calculation in Theorem 11.31 we have that 
g G L 1 ([0,1]), and (g) A (m) = (/) A (m), for m G Z. Using the result of 
[3j or |d], we obtain the second part, the final claim is clear. 

□ 

Lemma 1.10. Let f be given by satisfying the conditions of Lemmas 
\1.5\ and \1.6l with respect to h, then; 

Emez /M = E m& z M ™) 


Proof. Using Lemmas 11.51 and 11.61 we have that g G C 2 [ 0,1], where g 
is defined bv 11.81 and (/) A (m) = h(m ), for m G Z. By Lemmas 11.81 
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and 11,91 we have that; 

E me ^ f(m) = Emez(fnm) 

Hence; 

Emez f (™) = YsmeZ K m ) 
as required. 

Lemma 1.11. If s e Z> 2 , s even, then; 

y^oo J_ _ (-1) g (27r) a _B s 

2-m=l 2(s!) 


□ 


Proof. The proof of this result can be found in [3]. □ 

Definition 1.12. If s 6 C, with Re(s) > 4, and r e 2 > l7 we define; 
h s , r (x ) = (a; > r) 


hg,r(pf) 


(-l) s 


(x < —r) 


Remarks 1.13. h S}r is symmetric, that is h StV (x) = h Sjr (—x), for |x| > 
r. 

Lemma 1.14. There exists a polynomial p S)T of degree 2r + 3 , with 
the properties; 

(z). p s;r is symmetric, that is p S)r (x) = p s ,r(~x), for x £ IZ. 

(zz). Ps, r {n) = for 1 < n < r. 

(Hi). p ( s k }(r) = h^f}' + (r), (0 < k < 2) 

(z v). pf}(~r) = hf}~(-r), (0 < k < 2) 


Proof. We let, for l<j<l + r, l<A;<r; 
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A r 


/I 

1 .. 

1 

1 

1 

2 2 .. 

2 2 1 

22 (r+l) 

1 

/c 2 .. 

k 2j 

^(r+i) 

1 

r 2 

r 2 i 

r 2(r+l) 

0 

2 r .. 

2 j> 2 1- 1 

2 (r + l) r 2r+1 

v° 

2 .. 

2j(2j - l)r 2 ^ 2 . 

. 2(r + l)(2r + 1) 

/ 

l~ s 

\ 



2~ s 


\ 


/ 


— ST 

^s(s + l)r _ ( 2+s ) j 

We have that det(A r ) 0, hence, we can solve the equation A r (a S)r ) = 

~b s r . Let p s ,r( x ) — Sj=o(®. s ,r) (j+i)T 2j ■ We have, by construction, that 
Ps,r{—x ) = Ps,r (t), and pi k }(r) = /ii^ ,+ (r). As both and h Si? . are 
symmetric, we also have that, pA (r) = lis)’ (—r), as required. 

□ 


Definition 1.15. We define; 

g s A x ) = h s , r ( x )> (tf\ x \ ~> r ) 

g S ,r( X ) = ?V(fLb (*/ M < r) 


Lemma 1.16. We have that g s>r 6 C 2 (1Z), g s>r is symmetric, and, 


moreover, the hypotheses of Lemmas \l.f\ and 11.61 hold for g St 


Proof. The fact that g. %r e C 2 (1Z) follows immediately from Conditions 
(Hi) and (zu) of Lemma 1 1.141 The symmetry condition is a consequence 
of Condition (i). If x > r, we have that; 


|g Sjr (x)| < |x Re O||a; /m ( s )| < 


X 


-4 


Hence, as p Sir is symmetric, |g s>r (x)| < |x| 4 , for \x\ > r. 
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If |x| < r; 

k«,r(®)| = \PsA x )\ < r 2r+2 J2'jtl |(a 8 ,r)(j+i)l < r 2r+2 Vr + 2\\a s ,r\\ 

It follows that sup x£ Ti(\x\ 4: \g Str (x)\) < max(l, r 2r+6 \/r + 2| |a SiJ .| |). 
Similarly, as g' s>r (x) = g"(x) = \x\ > r, then, if |x| > r, we 

have that; 

KrO^I < MM -5 
\g”A x )\ < |s||s- l\\x\~ 6 

and, if |x| < r; 

W,A X )\ = \AA X ) £ l 2 j(“v)fa+i)l) £ 2(r+l)r 2,+ Vr + 2|| 

l»"WI = KWI < r« 2 (Ey: |2j(2j-l)(<vW)l) < (2r + 2)(2r + 

l)r 2r+2 \/r + 211 a s 11 
so that; 

sup x&n {\A b WsA x )\) - max{\s\,2{r + l)r 2r+ Vr + 2 ||a,||) 

sup x( zTi(\x\ e \g" r ( x )\) < max(|s||s-l|, (2r+2)(2r+l)r 2r+ Vr + 2||a s ||) 

(*) 

It follows that Lemmas 11.41 and 11.61 holds for g sr , with C = D = 
maa;(|s||s — 11 , (2r + 2 )( 2 r + l)r 2r+8 \/r + 2 ||a s ||. 


□ 


Definition 1.17. the let f s . r {y) = f n gs,r(x) e2mxy dx. 
^-Enezjr^dx) 

Rsr2 = Eugz (r^Tdx) 

Rs,r -^s,r,l H - Rs,r, 2 

^,r,l = EneZ^oifo PsArf 62 ™™^) 
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P s,r ,2 = EneZ^fo P*A X ) e dx ) 

P s,r P s,r,l T P s,r,2 

Lemma 1.18. We have that f sr is symmetric, and f s>r satisfies the 
conclusions of Lemmas \1.5\ and \Tjj Moreover; 

fs,r (0) + P s ,r + Rs,r = Ps,r(0) + 2 E^°=l A 


Proof. The second part follows immediately from Definition 11.171 and 
Lemmas 11.16111.51 and 11.61 It follows that f s . r G LftfR), and; 

fs,r(—y) = J n g s ,r( x ) e ~ 27rixydx 

= j n g s A~ x ) e27Tlxydx 

= f n g S}r (x)e 2mxy dx 


= fsAv) 

Hence, f. %r is symmetric. By Lemma fl. 101 . we have that; 

EnG Z AA n ) — 'Yju&Z 9sA n ) 

As both f s r and g s<r are symmetric, using Definition 1 1.1 51 and prop¬ 
erty (ii) of Lemma 11.141 we obtain; 

fs,r (0) + Ps,r + Rs,r 


— fs,r{ 0) + EnG^o f s A n ) 

= g s AA + AYA=i9sA n )) 
= PsAv) + AYd=i^) 


□ 


Lemma 1.19. We have that; 


I R 


< 


dd 2 


, s,r , | — 3(Re(s)-\-l)r Re ( s )+ 1 





















AN APPLICATION OF FOURIER ANALYSIS TO RIEMANN SUMS 


11 


P s ,r Ps,r(0) “ 1 “ Ps,r (t ) H~ 2 Ps.rif) 2 Jq p sr {x)dx 


Proof. We have that; 

7? 1= V _=i_ lY s f°° e2 " inx dr 

s i r A Z-^/nEZ^tQ 2ivinr s 2 -^ti^Z^q 2irin Jr 


= E, 


2ivinr s 

+ E 


v.S+1 


s(s+l) J oo e 2ninx 


€-2^0 r s + 1 (27rm) 2 Z—mE.2^o (27rm) 2 Jr # s + 2 


dx 


2s 

4r s +i 7r 2 


E~i ly + D s, 


r, 1 


_ g » , 7-) 

— 2r s + 1 7r 2 6 ~ r 

12r s+1 Ds,r,l 


where; 

I r 7 I ^ |s(s+l)|Cs,r,l ^ ' 1 |s(s + l)|C Sj r,l 

|^s,r,l| ^ 4 tt 2 2^ne.Z # o T? “ 12 

and C 8: r t 1 < f r °° jJ+T\dx 

_ r°° dx 

Jr x Re(s) + 2 


_ 1 _ 

(i?e(s)+l)r- Re (' s )+ 1 


It follows that; 


I ft 


I < hi 

s,r,l | 1 2r- Re ( s )+l 


+ 


|s(s+l) _ 

12(Re(s)+l)r He ( s )+ 1 


< |s|(_Re(s)+l) j_ hh+UI 

— 12(_R.e(s)+l)r- Rc O)+ 1 ' 12(Re(s)+l)r fle ( s )+l 

_ |s|(_Re(s)+l) + |s(s+l)| 

_ 12(_Re(s)+l)r- Re ( s )+ 1 


/ _ 2|s(s+l)| _ 

— 12(I?e(s)+l)r- Re ( s )+ 1 


— 3(i?e(s)+l)r i?e U)+ 1 


Similarly, \R St r,2 


— 3(-Re(s)+l)r- Re ( s )+ 1 5 


so that \R s , r 


< 


2 |d 2 

3(-Re(s)+l)r fle U)+! ' 


We have that; 
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P,,r, 1 = E 

^.^(EhTvW^) 

= EE„'(E „ e zJS! + 1 p.A^ ,n ‘dx)) 

= EEo 1 (E„«„(/„ 1 p,, r (x + ije^+o*)) 
= EEo(E„ £ z m (/o Pv(* + l)e^ in '‘dx)) 

= EEo 1 (E„« w (rf, r ) v («)) 

= EEo(E„«(pi, r ) v (») - /„V v *), a 


3 If / S (C[0,1] ("I C 2 (0,1)), and there exist {a +J , a_ j : 0 < j < 2} C C, with 
lim x ^o+= a+j and lim x ^i-f^\x) = a_y, (f), for 0 < j < 2, then a 
classical result in the theory of Fourier series, says that; 

lim^ 0 cE!=-i V (/) (A) (n)e 2 "” = f(x) (x e (0,1)) 

lim J v^ooEl-iv(/) (A) W = 


We give a simple proof of this result. First observe that there exists a polynomial 
p € C[x], with deg(p) = 5, such that p^\ 0) = 0 and p^(l) = a_j — a+j, for 
0 < j <2. This follows from the fact that we can find cCC 3 , such that M . c = a, 
where a(j ) = a-y-i — a+.j-i, for 1 < j < 3, and; 

_ /f f f\ 

M = 3 4 5 

\6 12 20J 

as det(M ) ^ 0, and, setting p(x) = Efc=o c kX 3+k . We have that p + f £ C 2 (S' 1 ), 
in which case the result follows from |3j. Hence, it is sufficient to verify the result 
for the powers { x k : 0 < k < 5}. We have that, for k > 1, n € Z^o; 


/o x k e~ 2 ™ x dx 


—2k in JO ~ 2-Kin JO 

-1 , k r 1 


_i_ k f 1 rr ,k—l„—2'Kinx r i rr 
27rm JO X C aX 


, . r 

2k in 2-nin J 0 

/o x k e~ 2 ' Kinx dx 


,k—lg—2nin x (£x 


— _fV fc _ M_l f 1 p -2ninx l j r 

1 (A:—Z+l)!'(27rm)' ) 
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_ ( Ps,r(l)+Ps,r(0) 

_ 1^1 = 0 V 2 

E r—1 ( Ps,r(l+1)+Ps,r(l) 

1=0 V 2 

E r — 1 / Ps,r(l+l)+Ps,r(l) 

1=0 l 2 


fo P l s,r dx ) 

- /q 1 Ps,r( x + 

- fl +1 Ps,r( x )dx) 


Ps,r(0)+Ps,r(r) 

2 


+ EI=1 P»,r(0 - fo Ps,r( x ) dx 


Similarly; 

D _ Ps,r-(0)+p s ,rO) 

*s,r, 2 2 


+ Z)z=l 2V(0 - fo Ps,r( x ) dx 


so that; 


-fs,r -fs,r,l "h Ps,r,2 


lim-N^yoo E™=-Ar( a;fe ) A ( n ) 

_ 1 o Y^°° _fc!_ 

— fc+1 Z Z^;=l Z^n=l (fc-i+l)!(27rm) ! 

Case k = 1, we obtain ^ 
fc = 2,5 fc = i + |A( E - 1 J,) 


k = 3, Sfc 


i 

4 


2.3 /^o° l \ 

47t 2 VZ-m=l J 


k = 4, Sfc 


I 4- 2.4 /y^QQ 1 \ _ 2.24 (\^°° 1 \ 
5 ' 47r 2 vZ-/n=l n 2 / 167T 4 v4-m=l n 4 / 


k = 5, S k 


1 _|_ 2.5 /y^QQ 1 \ 2.120 /v^°° 1 \ 

6 ' 47r 2 \2-^n= 1 n 2 / 167r 4 v^-m=l n 4 / 


Using Lemma fl. Ill we have that; 


E OO J_ _ -■K[cot(-Kz)z] (2 ' > |o -7T.-47T 7T 2 

n=l n 2 2.2! — 6.2.2! 6 

E OO J_ _ -7r[cot(7T.z).z] (4) |o —7T.—487T 3 tU 

71=1 n 4 2.4! 90.2.4! ~~ 90 



c _ 1 , _2J_7rf. _ 2.24 7 r 4 _ 1 

04 5 4tt 2 6 167T 4 90 2 

c 1 I 2.5 7T^ _ 2.60 7T 4 1 

as 6 ' Ti 3 6 167T 4 90 2 
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Ps,r(0) “1“ Ps,r(j’') “I” 2 Ps,r(0 2 p sr {xl)dx 


□ 


Lemma 1.20. If Re(s) > 4, r > 1, we have that; 


E OO J_ 

n=r n a 


r°0 dx _j_ Ps,r(c ) I Rs,r 

Jr ”* 2 1 2 


_ 

(s—l)r 3 ~ 



Ifr> 2; 


E r-l J_ 

n=l n s 


= ES(s. 




-B2j+iR) \ 
2 i+l ' 


Proof. The first claim is just a simple rearrangement of the claim in 
Lemma fl.181 using Lemma II. 1 01 We have that; 

r°° dx __l_ 

Jr x s ~ (s l)r s 1 

and Ps ’\"j 1 ] = y, by property (ii) in Lemma H. 141 
Moreover; 

Z-m =1 n s 

= YJi=IpsA 1 ) 

= EmES(v); + ^' 

= ES(V); + i(£[=o^) 

_ V' r+ 1 f77 \ ( B 2j+i{r)-B 2 j+i(P) \ 

~ Z^j= 0 \ a s,r)j+ 1 \ 2 j + l > 

~ l^j=0\ a s,r)j+l\ 2j+l > 


□ 

Remarks 1.21. Using Lemma [QH , we have that Hm r _ ) . 00 |.R Sir | = 0, 
hence. Lemma \1.2(h reduces the calculation of YA?=\ A 1° a calculation 



















AN APPLICATION OF FOURIER ANALYSIS TO RIEMANN SUMS 


15 


involving Bernoulli polynomials. Moreover, letting A s<r = Y^L r we 
have that; 



pfr < \A S 

j^Sj — | * 


dx 

x Re(s ) 


< 1^4 


r°° dx 
— Jr- 1 |a; s | 

I r°° dx 

r I — Jr- 1 |a; s | 


_ 1 _ 

(Re(s) — l)r- Re ( s ) — 1 


< \A S)r 


< 


1 

3 (r—l ) 3 4 


Observing that; 

N J < i 

3(i?e(s)+l)r iie ( s )+ * 1 2 — (Re(s)— l)r fle ( s )— 1 

ifr> we /iave that the estimate Y^jtl(^s,r)j+i(^j^)+ 

(s-^-i + 2 r“ improves upon fa,r)j+ 1 ( ' * )> f or sufficiently 

large values ofr. The coefficients (a S)T .) J; 1 < j < r + 2 can 6e computed 
using simple linear algebra. The computation of absolutely convergent 
Riemann sums, and their differences, occurs in the evaluation of ((s), 
for 0 < Re(s) < 1, it is well known that £(s) 7 ^ 0, for Re(s) > 1. 

R is hoped that the above method might lead to some progress in the 
direction of solving the famous Riemann hypothesis, that, £(s) = 0 iff 
Re(s) — \ or s = —2 w, for w G Z> 1 , see [lj. 
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